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Introduction
Within the past 100 years the Marxian Labour Theory of Value (LTV) was the target of fierce debates and controversies. As Morishima
 correctly stated already in 1972, it was a “great misfortune that economists have for a long time been divided between ‘orthodox’ and Marxian camps as a result of cliquishness; each school has lost touch with the others and has become inbred.” Today, a few decades after the implosion of the Socialist Countries, we can start a fresh try taking stock and asking which parts of the Labour Theory of Value can be carried on into the future and which ones we have to abandon and throw them on the heap of garbage of history. In the author’s opinion one should not stop here and only refer to the reproduction of past positions of the LTV, but instead modify and, if necessary, free it from contradictions according to the progress in science outside the Marxist camp. 
This paper intends to give a fresh look on the problems LTV has had since its infancy with the appropriate inclusion of services and applies the result to input-output data of Austria. 

Basic features
First some basics: The LTV is based on the assumption that human beings - to convert natural substances into human materials - have to labour, in order to perform the metabolism of society with nature and with their fellow men. This conversion creates “values in use”
. The meaning of the term “use value” is essential for a correct analysis. “Value in use” is a very extensive and broad concept. It includes any good or service useful to somebody. Values in use can meet consumers’ needs directly as consumer goods or personal services, but also indirectly as means of production, intermediary goods and business services. The production of values in use is done by a combination of means of production, auxiliary materials and manpower, but they might also be produced by nature. In principle, we can distinguish between two different kinds of values in use: Material values in use which are reified in goods and therefore remain fixed over a certain period of time, and “immaterial” values in use which disappear in the moment of their production. In common terms we can call them “goods” on the one hand, and “services” on the other. This difference is crucial not only for the understanding of the following paragraphs, but also for certain empirical properties of a real economy like the maximum possible growth rate or the maximum rate of profit. While material products or goods (we use the terms synonymously) can be part of the surplus product (which in my opinion is always material), services cannot. Both kinds of use values meet human needs, but services are restricted to consumption and intermediary goods, and excluded from capital investment. This does not mean, however, that services would not be important for economic development; on the contrary, many services are more essential for qualitative changes of the economy (like research activities, education and training, fine arts, literature, and producing innovation) than material goods.
Already with the emergence of humankind women and men were producing goods and services for each other. Their work could be directly seen and understood as a kind of care taking of their fellow (wo)men. In fact, one can say that division of labour separated people from each other – but at the same time they are bound to each other – creating communities and - society. In the course of history people have always created “values in use” - although different in quantities and qualities – more or less irrespective of the social structures they lived and worked in. Today capitalistic relations of production dominate, i.e. capitalists acquire the command over human labour by paying the workers their costs of reproduction, and combine the work of the labourers with machines, buildings, auxiliary materials, and services, in order to let them produce machines, buildings, auxiliary materials and services again, however in different composition. If technology and wage rates permit it, the value of the output capitalists can sell via the market is higher than the costs of its production: The difference forms the basis for their profits. 
In his analysis of capitalistic society Marx identified the commodity as the basic element of wealth. According to Aristotle, Adam Smith, Karl Marx and many others, a commodity has “value in use” and - if exchanged - “value in exchange”. Exchange value is not an individual property of a commodity. In the market the commodities of a certain kind produced by individual firms are compared with each other, and in the ideal case a uniform price is determined. In analogy to the theological discourse of the Last Judgement of Roman Catholics, the bad ones are punished for being lazy (or inefficient), the good ones can proceed to the (neoliberal) paradise, i.e. those who produce high quality at low costs receive an extra profit, while the others make losses and are expelled from the market. Thus the market (under conditions of competition) works as a societal machinery of increasing efficiency which forces the entrepreneur to innovate permanently and to do everything to reduce production cost. 
In the first volume of “Kapital”, Marx looked for the qualitative and quantitative conditions at which individual goods can be exchanged in the market. In agreement with Adam Smith and David Ricardo he identified labour as being the essential ingredient commodities have in common, and labour time as their quantitative measure. Starting from there, Marx elaborated his theory and identified the labour value of a commodity as socially necessary labour time. According to Marx, the labour value (or “Wert” in German), w, consists of two additive components, of the value c of constant capital, needed for the production of the commodity, and the newly added labour time or life labour, n. n is central for the understanding of Marx’ theory of exploitation: Under capitalistic conditions it is split into two parts, variable capital v, which is given as wages to the workers, and surplus value m, which remains with the entrepreneur. v is called variable, because it is the only element in the production process creating more value than is needed for its production. Thus we end up with the well known formula of trinity: The labour value w of a commodity is made up of the sum of constant capital c, variable capital v and surplus value m:

w = c + v + m

With these basic definitions the essential variables of Marxian theory can be stated: rate of surplus value m/v, organic composition of capital v/(c + v) (somewhat different to Marx’ formula) and rate of profit r = m/(c + v). The product of rate of surplus value times organic composition of capital equals the rate of profit. 
Many speculations of political economists have been linked to this term. Marx himself formulated a tendency of the rate of profit to fall. Some of his successors used this formula to predict the break-down of capitalism with the following argument: If the rate of surplus value remains constant (an assumption frequently used by Marx himself) and capital accumulation and technological change proceeds, organic composition would have to fall and the rate of profit would have to go to zero: this process would bring capitalism to an end. But as one can easily show, this is wishful thinking. If we take for granted that all components of value are revaluated at replacement value, all components can be reproduced at less and less labour time (because of more and more automated production). In such a case all components of the rate of profit are linear functions of life labour n. Nominator and denominator depend equally on n. If n goes to zero, r is an indefinite value r = 0/0. This does not mean that r becomes zero. As one can see the quotient of the first derivatives of nominator and denominator
lim(n->0) r = lim(n->0) m/(c + v) = lim(n->0) [(a1*n + b1 ) / (a2*n + b2 + a3*n + b3)]
becomes a1/(a2 + a3)  or – if the bi’s are not zero - b1/(b2 + b3).
To modernize Marx’ economic theory in terms of mathematics it has been an essential step forward to apply linear algebra and the matrix calculus to it (like many have done before: e.g. Leontief
, Brody
 and Morishima
). From there it becomes evident that Marx’ theory can be seen in a dual way, from the point of view of (i) values in use and of (ii) unit values in exchange (or unit prices). A third level (iii) is possible in terms of “turnover values” – meaning unit values – or unit prices – times the number of values in use – or number of units.

Let us present the corresponding formulae in the following order: Firstly, from the point of view of values in use at level (i). The matrix of technical coefficients A represents the technology of the economy. Gross output x (a column vector) contains the amounts of values in use in the economy. By kind of use x can be split into intermediate goods Ax and final demand y.
Ax + y = x 




(1)
Secondly, from a dual point of view on level (ii) one can break down the unit price/value p (a row vector) into the costs of intermediate goods pA used in production plus the unit value added v. 
pA + v = p 




(2)
Finally, on level (iii), we can write a synthesis (on the layer of turnover):

diag(p) A diag(x) 1 + diag(p) y = diag(p)x 



(3a)
and 
1’diag(p) A diag(x) + v diag(x) = p diag(x) 



(3b)
diag(x) is a square matrix with the elements of the vector x as main diagonal. 1 is a column vector of ones, 1’ is the transpose of this vector. 
Under the condition that unit labour values w (a row vector) are nothing else than a special price system (we will go into the details later), equation (2) can be written in the following form: 
wA + n = w




(2a)
In (2a) we replace the vector of unit value added v by the row vector n (life labour per unit of output). wA is the cost of production expressed in labour time. A simple matrix transformation with the so called Leontief-Inverse (E - A)-1 allows to solve (2a) for w (E means the identity matrix with ones only in the main diagonal)
w =  n (E - A)-1.





(4)
w is more or less identical with Marx’ labour value (per unit) of the first volume of “Das Kapital”. His idea is that in an economy where commodities are exchanged according to their labour values, the value content before and after an exchange remains the same. Values in use produced by a certain amount of socially necessary labour time can be exchanged against other use values produced by the same amount of labour time. The exchange allows replacing A’s goods by B’s goods which were produced in the same labour time. While the qualities of use values change, the quantities of labour values remain the same before and after the exchange. This is the condition of the so called principle of „equivalent exchange“. One could imagine that this principle had ruled some types of pre-capitalist societies, e.g. societies of small commodity producers. Even if one does not believe in its existence as historical truth, one could us it as a useful hypothesis.  
Material production vs. services 
If some of the industries do not produce material products, but services, the principle of “equivalent exchange” would be violated even in a pre-capitalist economy (where capital advanced does not influence the formation of prices), if one allows the service sectors to acquire surplus value. Let us show this by means of a thought experiment: Let us assume that the first 10 sectors of an economy with 20 branches produce material products, and the last 10 services. If we take stock of the surplus product, we can see that only the sectors of material production contribute to it in physical form by applying a certain amount of labour time. If now – as is also the case in a capitalist economy - also service sectors are able to make profits and to do investment, they would buy parts of the surplus product. But then it is impossible for the producers of the surplus product (the first ten branches) to buy goods at the full value they have produced, because they have to share the surplus product (capital investments) with the service sectors. There is only one possibility how to save the principle of “equivalent exchange”: One can set up a price system, which does not allow the service sectors to make profits. This would e. g. be the case, if their output is evaluated at reproduction costs. Many goods needed for the production of services are produced outside the service sectors where workers do not produce surplus value. On the contrary, in a first approximation they consume (surplus) values from the sectors of material production. 
In the discussion of economists this difference between value producing and value consuming sectors was reflected in various, but somewhat hidden ways: The first line of discussion was centred about “productive” and “non-productive labour”
. One can trace this line back to Adam Smith: “The labour of some of the most respectable orders in the society is, like that of menial servants, unproductive of any value, and does not fix or realize itself in any permanent subject; or vendible commodity, which endures after that labour is past, and for which an equal quantity of labour could afterwards be procured. … Their service, how honourable, how useful, or how necessary so ever, produces nothing for which an equal quantity of service can afterwards be procured. … In the same class must be ranked, some both of the gravest and most important, and some of the most frivolous professions: churchmen, lawyers, physicians, men of letters of all kinds; players, buffoons, musicians, opera-singers, opera-dancers, &c. …Like the declamation of the actor, the harangue of the orator, or the tune of the musician, the work of all of them perishes in the very instant of its production.”
 This assessment is closely linked to the way “productivity” is defined. In my opinion, it seems to be useful to distinguish between three kinds of productivity:
· Productivity(i) could be measured in the number of use values per life labour time independent of relations of production. 

· Productivity(ii) could be measured by total labour value created over life labour spent. This is the meaning of productivity by Adam Smith. 

· Productivity(iii) could be measured by the amount of profit acquired by the workers (measured in hours or in wages) for their master. The latter is the measure of profitability applied under capitalistic rule and it was called “productive” by Marx.

There are of course different variants of measurement. Important is, that productivity(ii) is zero with respect to services which do not add to the surplus product or capital investment. Nevertheless, in real capitalism, service production can gain profits via productivity(iii).
The second line of discussion can be located around the different systems of national economic accounting, the System of National Accounts (SNA), used in the capitalistic world, and the Material Product System (MPS), used in the imploded Socialist Countries. While, “in the SNA, commodities are, broadly speaking, marketed products whether these be goods and services; whereas, in the MPS, the concept is restricted to material products and excludes many of the services included among commodities in the SNA.”
 In the terminology we use throughout this paper one could state that SNA is counting “values in use” measured at market prices, irrespective of goods or services. In contrast to SNA, MPS focused mainly on goods production, and included only a few service sectors, which were linked to material production like transport or with the “reproduction of the labour force” like health care. Today, SNA is the surviving system more or less exclusively used and promoted by the United Nations, and in a specialized form by the Member States of the European Union. 

If we take stock of all the economic activities of one country under the perspective of material products only, one could represent them by their (re)production cost. But then it becomes evident, that the origin of the material goods used for the production of services (intermediary products and consumption) is limited to the sectors of material production. And from this perspective, services would represent a double counting of material products, because the material products used for the production of services were already included in the accounts of the sectors of material production. The only kind of goods that are never counted double or multiple is the surplus product – in a very rigid definition of the term. Precise double accounting would be the case if services would not use services also (meaning the diagonal sub-matrices of services are zero). 

Empirical illustration
Before we illustrate the computation of labour values on the basis of empirical data from Austria, I would like to present Austrian gross output data
 at actual prices 2008 (Figure 1) and their structure for 75 branches of production based on the Austrian input-output statistics. Figure 2 shows the structure of gross output at actual prices divided by constant capital
 (c), variable capital (v), depreciation (d) and surplus value (m). It is worth mentioning that branches, which show an overshoot over the 100% line have negative surplus values. Because in these cases variable capital and/or depreciation surpass the 100% line, a the graphical representation of surplus value is the distance between the highest point in the graph and the 100% line. 
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Figure 1: Output, Austria 2008, 75 industries, 1000 Euros
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Figure 2: Stucture of gross output (observed) 
c - constant capital, v - variable capital, d – depreciation, m - surplus value
Austria 2008: 75 industries, in percent
Labour values in Austria 2008 (only material production creates value) 
In figure 3 we show what would be the structure of the labour values in an economy where only sectors which are productive(ii) are seen as value creating. In the following figure one can easily see that there is no surplus value in the sectors 36 to 75 (all those represent services). Positive surplus values only come up in the sectors 1 to 35, and some of them are even negative. In my opinion the method described above could be a way determining labour values without violating the principle of „equivalent exchange“. This consistency comes at a certain price: Services are excluded from acquiring profits, which is not the case in real capitalist economies. The explanation for this difference between observations and the theoretical view of the economy is the degree of abstraction between them. LTV represents a more abstract view than direct observation would provide. Equivalently, one could assume that LTV is dealing with an economy of small commodity producers. There commodity producers can “refinance” themselves via the market, while services are bought at reproduction cost (including depreciation). If we allow service sectors making profits and to invest them we have to transform labour values into prices of production or to apply any similar transformation. But, in the result, each of these transformations violates the principle of „equivalent exchange“.  
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Figure 3: Structure of labour values (only material production creates value), Austria 2008, 75 branches of production, in percent
The mathematical formulation to calculate labor values without contradiction uses the concept of partitioned matrices of matrix algebra. The matrices and vectors describing the economy are partitioned into commodity producing sectors (index 1) and services producing ones (index 2). 
A...
Partitioned matrix of technical coefficients
C...
Partitioned matrix of consumption
D...
Partitioned matrix of depreciation

A 11, A12
        
            C11, C12
      
    D 11, D12
       
      
A  =  
        { 
     },       C =            { 
  },    D =          { 
      }


A21, A22
                         C21, C22                          D21, D22
n... 
Partitioned row vector of live labor = { n1, n2 }

w...
Partitioned row vector of labor values = { w1, w2 } 
E....
Partitioned identity matrix
The labor value of output of commodity producers, w1, can be derived from the following balance equation: 

w1 (A11 + D11) + w2 (A21 + D21) + n1 = w1
The value of output of services is calculated at reproduction cost: 
w1 (A12 + D12 + C12) + w2 (A22 + D22 + C22) = w2
· Value of output of services w2:

w2 = w1(A12 + D12 + C12). (E22 – A22 - D22 - C22)-1 

Value of output of commodity producers w1:
w1 = n1 { E11 – (A11+ D11) – (A12+ D12+ C12). (E22 – A22 - D22 - C22)-1 (A21 + D21) } -1
It should be mentioned that this method keeps the sum of the surplus product constant over all possible forms of price transformations. 

Just for comparison purposes I show also the results of the classical calculation where all sectors of the economy contribute to surplus value production (figure 4). One can see that in terms of classical labor values many sectors show negative surplus values.
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Figure 4: Structure of labour values (classical method), Austria 2008, 75 branches of production, in percent

Prices of production
Figure 5 shows the value structure in Austria after the transformation of labour values into prices of production
 which is nothing else than Marx’ solution to the so called “transformation problem”. Because of competition between capitalists seeking higher rates of profit, capital moves between the branches of production. Marx expected that these movements would lead to equalized profit rates. It is interesting to note that Marx’s transformation does not end up at a “correct” system of prices of production with equalized rates of profit. As figure 5 illustrates contrary to Marx expectations the rates of profit measured in terms of output prices will not be equal (sector 15 in figure 5 shows even negative profits). 
Nevertheless Marx did in fact an essential step into the right direction. If one repeats Marx’ method by adding profits at equal rates expressed in terms of the input price system, one can show that after some iterations one ends up at the „correct“ prices of production, as von Bortkiewicz
 has shown long ago. This solution to the transformation problem, where input prices are equal to output prices, corresponds to the eigenvector problem in matrix algebra. One can show that the iterative application of Marx’ method will converge to the eigenvector solution of von Bortkiewicz (the result for Austria can be seen in figure 6). At the same time it can be shown that it does not matter at what price or value system one starts: each iteration process will end up at the same prices of production. The result: all branches of production, sectors of material production and services will gain profits.
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Figure 5: Marx’ solution of the transformation problem (first iteration only),
 Austria 2008, 75 branches of production
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Figure 6: Prices of Production a la Bortkiewicz, Austria 2008, 75 branches of production
High correlations with observed data

The following table shows the correlation coefficients between various kinds of theoretically determined prices and the observed data.

	Year
	Labor value

classic
	Labor value

„material“
	PriceofProd Marx 1 Iter.
	PriceofProd circ Cap
	PriceofProd 

circ+fix cap

	2005
	0.872
	0.829
	0.920
	0.980
	0.971

	2006
	0.877
	0.834
	0.920
	0.979
	0.970

	2007
	0.895
	0.857
	0.933
	0.978
	0.970

	2008
	0.883
	0.839
	0.924
	0.979
	-


The calculations performed for several years on Austrian data indicate that the results are rather stable over time. They show that labor values based on material production only have a smaller correlation coefficient than the classical calculation under the assumption that all sectors are contributing to surplus value. If a redistribution of surplus value is done by using Marx’ solution of the transformation problem, the correlation coefficients increase considerably. If we apply Bortkiewiczs’ method of eigenvector calculation – identical with the iterative application of Marx’ method, correlation coefficients increase even further and approach very high levels around 0.98 – a really astonishing empirical result that will not have many competitors in mainstream economics.

Observed data: 
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Rates of profit can be negativ. They are not equal.


(measured in terms of output prices) 
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